
4180 IEEE TRANSACTIONS ON ELECTRON DEVICES, VOL. 58, NO. 12, DECEMBER 2011

On the MOSFET Threshold Voltage Extraction by
Transconductance and Transconductance-to-Current

Ratio Change Methods: Part II—Effect
of Drain Voltage

Tamara Rudenko, Valeriya Kilchytska, Mohd Khairuddin Md Arshad, Jean-Pierre Raskin, Senior Member, IEEE,
Alexey Nazarov, Senior Member, IEEE, and Denis Flandre, Senior Member, IEEE

Abstract—In this paper, we study the effect of the drain voltage
on the threshold voltage extraction in long-channel MOSFETs
by the transconductance change and transconductance-to-current
ratio change methods, using analytical modeling and experimental
data obtained on advanced UTB SOI MOSFETs. It is shown that,
although these two methods have the same physical background,
they feature radically different behaviors with respect to the
drain voltage effect. In particular, the transconductance change
method yields a threshold voltage value, which regularly increases
with drain voltage, and interpretation, as well as analytical ex-
pression for this dependence, is provided. In contrast, for the
transconductance-to-current ratio change method, the increase of
the extracted threshold voltage value with drain voltage is smaller
and rapidly saturates; hence, the threshold voltage extraction is
more stable and reliable. Modeling derivations are found to be in
excellent agreement with measurements on long-channel UTB SOI
MOSFETs as well as 2-D simulations.

Index Terms—MOSFET threshold voltage extraction, transcon-
ductance change method, transconductance-to-current ratio, uni-
fied charge control model (UCCM).

I. INTRODUCTION

THE ACCURATE determination of the MOSFET threshold
voltage VTH is essential for CMOS device/circuit design

and modeling, particularly for advanced ultralow-power de-
vices. Among numerous VTH extraction techniques [1]–[5], the
transconductance change method [3] is recognized as one of
the most useful and accurate because it is considered to be
unaffected by mobility degradation and series resistance effects.
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In this method, threshold voltage is defined from the position
of the maximum of the transconductance (gm) derivative in
respect to the gate (Vg) voltage, i.e., the second derivative of the
drain current (d2Id/dV 2

g ≡ dgm/dVg) measured in the linear
operation regime, typically with an upper limit of the drain
voltage of ∼0.1 V. By this definition, the threshold voltage of
an ideal device is a point where the second derivative of the
inversion charge is at maximum. The aforementioned criterion
is shown to be very suitable to represent threshold voltage
behavior in advanced SOI devices [5].

Previously, we have proposed a method named the
transconductance-to-current ratio change method [6], which
relies on the same VTH criterion, but in which the threshold
voltage is determined from the position of the maximum of the
[−d(gm/Id)/dVg] versus gate voltage function. The advantage
of this method over the dgm/dVg method is its lesser sensitivity
to second-order effects, such as Vg-dependent mobility and se-
ries resistance effects. In particular, in the companion paper [7],
it is shown that, for the same mobility variation, the error in the
VTH extraction is much smaller (by 1.5–2 orders of magnitude)
for the d(gm/Id)/dVg method than for the dgm/dVg method.

The purpose of this paper is to study the effect of the
drain voltage value on the VTH extraction by dgm/dVg and
d(gm/Id)/dVg methods in long-channel MOSFETs. Prelimi-
nary results showing different behaviors of the dgm/dVg and
d(gm/Id)/dVg methods with respect to the drain voltage effect
have been reported in [8]. In this paper, we present a more
detailed analysis of the conditions corresponding to the maxima
of dgm/dVg and [−d(gm/Id)/dVg] versus gate voltage func-
tions at various drain voltages, using the unified charge control
model (UCCM) [9], and derive analytical expressions for the
peak position shifts for dgm/dVg and [−d(gm/Id)/dVg] with
drain voltage. Modeling predictions are compared with 2-D
numerical simulation results and experimental data for long-
channel ultrathin-body (UTB) SOI MOSFETs.

II. EXPERIMENTAL RESULTS

The experimental data have been obtained on n-channel UTB
with ultrathin buried oxide (UT2B) SOI MOSFETs fabricated
at CEA-LETI. The devices featured an undoped channel with
the silicon film thickness tSi = 7 nm and buried oxide thickness
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Fig. 1. Drain current versus gate voltage characteristics of a 10-µm-long
UT2B SOI MOSFET measured for various drain voltages varying from 10
to 100 mV with a 10-mV step, showing the variation of the subthreshold
(diffusion) current with drain voltage when Vd < 2−3 kT/q (W = 10 µm,
Vsub = 0).

Fig. 2. Evolution of the experimental transconductance versus gate voltage
curves with variation of the drain voltage from 10 to 100 mV for the device of
Fig. 1. The drain voltage step is 10 mV (L = 10 µm, W = 10 µm, Vsub = 0).

tBOX = 10 nm. Details of fabrication processes can be found
in [10]. The gate stack consisted of a HfSiON gate dielectric
with an equivalent oxide thickness of 1.3 nm, and a TiN
gate electrode. Measurements have been performed at room
temperature and zero substrate bias (Vsub = 0). The Vg step in
the measurements was 10 mV. In this paper, we concentrated
on the long-channel devices.

Fig. 1 presents the Id(Vg) characteristics of the 10-µm-long
device for various drain voltages Vd varying from 10 to 100 mV
with a 10-mV step. Note the near-ideal subthreshold swing S =
62 mV/dec and the variation of the subthreshold (diffusion)
current with drain voltage when Vd is less than 50–70 mV. The
corresponding gm(Vg) curves are shown in Fig. 2. One can see
that the rising edge of the gm(Vg) curves tends to saturate with
Vd, whereas in a strong inversion region, gm linearly increases
with Vd. As a result, the inflection point on gm(Vg) curves,
which corresponds to the maximum dgm/dVg , gradually moves
to higher Vg values.

Fig. 3 shows the gm/Id-versus-Vg curves for the same device
for different Vd’s varying from 10 to 100 mV in Fig. 3(a)
and from 100 mV to 1.2 V in Fig. 3(b). It is seen that the
gm/Id curves are only slightly affected by the drain voltage
and tend to saturate with Vd. The variation of the falling edge
of the gm/Id curves is pronounced only for Vd < 100mV [see

Fig. 3. gm/Id versus Vg curves for the 10-µm-long MOSFET for different
Vd’s. (a) From 10 to 100 mV with a 10-mV step. (b) 10 mV and Vd varying
from 100 mV to 1.2 V with a 100-mV step. Dashed lines in Fig. 3(b)
show normalized −d(gm/Id)/dVg characteristics at Vd = 10 mV and 1.2 V
(Vsub = 0).

Fig. 3(a)], whereas at higher Vd, the gm/Id curves in the range
of inflection merge together [see Fig. 3(b)].

Fig. 4(a) shows the evolution of dgm/dVg and
−d(gm/Id)/dVg characteristics with increasing Vd from
10 to 100 mV. As Vd increases, the position of the maximum of
dgm/dVg regularly shifts to higher Vg values. The behavior of
the peak position of −d(gm/Id)/dVg is completely different:
Its shift is smaller and rapidly saturates with Vd. This is
more clearly seen in Fig. 4(b) where, for ease of comparison,
dgm/dVg and d(gm/Id)/dVg curves are normalized to their
peak values and in Fig. 5 where the position of the maximum
of both is plotted as a function of Vd. A higher VTH value
given by the dgm/dVg method compared to d(gm/Id)/dVg

at very low drain voltage (Vd = 10 mV) in Figs. 4 and 5 is
attributable to the impact of the mobility variation around the
threshold due to Coulomb scattering at interface charges [7].
As is seen from Figs. 4 and 5, at Vd < 70−80 mV, the peak
position of −d(gm/Id)/dVg slightly shifts with Vd, whereas
at Vd > 80−100 mV, it becomes independent of Vd. The
total shift of the peak position of −d(gm/Id)/dVg does not
exceed 20 mV. In contrast, the gate voltage of the maximum of
dgm/dVg increases monotonically with Vd and saturates only
when the device enters the saturation regime.

Thus, from the experimental data, it is evident that the drain
voltage has a completely different effect on the behavior of
gm(Vg) and gm/Id(Vg) characteristics and, thereby, on the
peak positions of their derivatives. In the following sections,
we analyze the origin of these different effects.
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Fig. 4. (a) Experimental dgm/dVg and −d(gm/Id)/dVg versus gate voltage
characteristics for the 10-µm-long n-channel MOSFET for different Vd’s vary-
ing from 10 to 100 mV with a 10-mV step. (b) dgm/dVg and d(gm/Id)/dVg

curves for different Vd’s normalized to their peak values (Vsub = 0).

Fig. 5. Gate voltage corresponding to the maxima of experimental dgm/dVg

and −d(gm/Id)/dVg characteristics plotted as a function of the drain voltage
for the 10-µm-long MOSFET (Vsub = 0).

III. ANALYSIS OF DRAIN VOLTAGE EFFECT

USING ANALYTICAL MODELING

For better understanding the origin of the aforementioned
Vd effects, we performed an analysis of the behaviors of
the gm(Vg) and gm/Id(Vg) characteristics and their deriva-
tives with drain voltage and derived analytical expressions for
the Vd-induced shifts of the peak positions of dgm/dVg and
−d(gm/Id)/dVg .

We consider a long n-channel MOSFET with a constant
mobility and ignore quantum and short-channel effects. The
source potential is assumed to be zero (Vs = 0). Just as in the
companion paper [7], we define the reference threshold voltage
VTH to be the gate voltage at which d2Ninv/dV 2

g is maximum
(where Ninv is the inversion carrier density per unit area for the
uniform channel). Similar to the companion paper [7], in the
analysis of the Vd effect, we use findings of the UCCM [9].

In the case of the position-dependent channel potential, ac-
cording to the UCCM, for any point of the channel, one can
write the relationship

Vg − VTH − nVch = nVT ln
Nch

N0
+ a · (Nch − N0) (1)

where Vg is the applied gate voltage, VTH is the threshold
voltage at Vd → 0, Vch is the position-dependent channel po-
tential, Nch is the position-dependent carrier density, n is the
body factor, VT is the thermal potential, a = q/Cox, q is an
electron charge, Cox is the gate oxide capacitance, and N0 =
Ninv_thresh is the value of Ninv at Vg = VTH given by [9]

Ninv_thresh =
nVT

2a
=

nVT Cox

2q
. (2)

In the framework of the gradual channel approximation, the
drain current can be expressed as

Id(x) = q · W · µ · Nch(x)
dVch

dx
(3)

where W is the channel width and µ is the carrier mobility
assumed to be constant. Integrating (3) along the channel,
accounting for (1), gives [9]

Id = qµ
W

L

1
n

[
nVT (NS − ND) +

a
(
N2

S − N2
D

)
2

]
(4)

where L is the channel length and NS and ND are the inversion
carrier densities at the source and drain channel edges, respec-
tively. The Vd and Vg dependences are implicitly included in
(4) through NS(Vg) and ND(Vg, Vd) dependences, which are
determined by relation (1) with Vch being equal to Vs(= 0)
and Vd, respectively. Note that, in our case of Vs = 0, from (1)
follows that NS(Vg) coincides with Ninv(Vg) for the uniform
carrier distribution along the channel (relation (4) in the com-
panion paper [7]).

A. Impact of Drain Voltage on the Peak Position of d2Id/dV 2
g

As follows from (4), the behavior of the drain current
derivatives, dId/dVg , d2Id/dV 2

g , and d3Id/dV 3
g , is governed

by the behavior of the derivatives of the carrier densities at
the source and drain channel edges, NS(Vg) and ND(Vg, Vd).
Differentiating (1) with respect to Vg, we obtain

dNch

dVg
=

Nch

nVT + aNch
(5)

d2Nch

dV 2
g

=
nVT · Nch

(nVT + aNch)3
. (6)
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From (6) follows that the expressions for d2NS/dV 2
g and

d2ND/dV 2
g are identical (which is the consequence of identity

of the right-hand sides of (1) for Vch equal to Vs = 0 and
Vd), and thus, equations emerging from the condition of their
maxima by setting their third derivatives to zero are the same.
As a result, the values of NS and ND corresponding to the
maxima of d2NS/dV 2

g and d2ND/dV 2
g are also the same

and equal to the threshold carrier density for uniform channel
Ninvthresh [9]

NS (max N ′′
S) = ND (max N ′′

D) = Ninv_thresh =
nVT

2a
. (7)

Combining (5) with (7) yields

q
dNS

dVg
(max N ′′

S) = q
dND

dVg
(max N ′′

D) =
q

3a
=

Cox

3
. (8)

From (1) follows that Nch(Vg, Vch) and ND(Vg, Vd) depen-
dences are identical to NS(Vg) = Ninv(Vg) but shifted relative
to the latter toward higher Vg by nVch and nVd, respectively.
Thus

ND(Vg, Vd) = NS(Vg − nVd). (9)

The same is valid for all the derivatives of NS and ND in
respect to Vg

dnND(Vg, Vd)
dV n

g

=
dnNS(Vg − nVd)

dV n
g

(10)

that is, each derivative of ND with respect to Vg is completely
identical to the corresponding derivative of NS (or Ninv) but is
shifted along the Vg-axis by nVd.

Below, we will express the drain current derivatives in terms
of the derivatives of NS and ND. Differentiating (4) gives

dId

dVg
=A

[
nVT

(
dNS

dVg
− dND

dVg

)
+a

(
NS

dNS

dVg
−ND

dND

dVg

)]

=A

[
dNS

dVg
(nVT +aNS)− dND

dVg
(nVT +aND)

]
(11)

with A = qµ · (W/L) · (1/n). With (5), the relation (11) can
be transformed to give

dId

dVg
≡ gm = A(NS − ND) = q

W

L
µ · n · (NS − ND). (12)

Differentiating (12) yields

d2Id

dV 2
g

≡ dgm

dVg
= A

[
dNS

dVg
− dND

dVg

]
(13)

d3Id

dV 3
g

= A

[
d2NS

dV 2
g

− d2ND

dV 2
g

]
. (14)

Now, let us consider in more details the behavior of the
drain current derivatives given by (12)–(14), illustrated by
Fig. 6(a)–(c), respectively. In Fig. 6, the NS(Vg) dependence
is the inversion carrier density obtained by 1-D classical nu-
merical simulations [11] for a SOI MOS structure with tox =

Fig. 6. Illustration of the impact of the drain voltage on the drain current
derivatives in terms of the behavior of the carrier densities at the source and
drain edges and their derivatives, as described by (12)–(14). (a) NS(Vg) and
ND(Vg) dependences and their difference which, in accordance with (12),
defines the dId/dVg(Vg, Vd) function. (b) dNS/dVg and dND/dVg and their
difference defining d2Id/dV 2

g (Vg , Vd). (c) d2NS/dV 2
g and d2ND/dV 2

g and
their difference defining d3Id/dV 3

g (Vg , Vd).

1.75 nm, tSi = 10 nm, tBOX = 145 nm, film doping of NA =
1015 cm−3, and gate work function of 4.7 eV.

According to (12), the gm(Vg, Vd) ≡ dId/dVg function,
which should have an inflection point, is defined by the differ-
ence of two identical dependences, NS(Vg) and ND(Vg, Vd),
shifted along the Vg-axis relative to each other by nVd [see
Fig. 6(a)], each of which steadily grows with monotonically in-
creasing rate, i.e., has no inflection points. Both feature regions
of exponential density increase (respectively, below VTH and
VTH + nVd) and a linear density increase at higher Vg with the
slope 1/a = Cox/q. The difference NS(Vg) − ND(Vg) shows
a rise with Vg defined by the growth of NS(Vg) and a saturation
when both NS(Vg) and ND(Vg) reach a linear density increase.
It is evident that, between growth and saturation regions, there
is an inflection point, and an increase of Vd shifts this inflection
point to higher Vg. This allows an understanding of the behavior
of the experimental gm(Vg) curves with Vd in Fig. 2.
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The behavior of the dgm/dVg (Vg, Vd) ≡ d2Id/dV 2
g de-

pendence with variation of Vd is illustrated in Fig. 6(b). As
follows from (13), the d2Id/dV 2

g dependence is formed by
the difference of two identical dependences: dNS/dVg(Vg) and
dND/dVg(Vg, Vd) shifted to higher Vg by nVd. Note that each
alone does not reveal any peak, whereas their difference does:
The rise of the d2Id/dV 2

g (Vg, Vd) dependence is determined
by the increase in dNS/dVg , whereas the decay region is
determined by the Vd-dependent increase of dND/dVg and
saturation of dNS/dVg . With an increase of Vd, the rising
edge of d2Id/dV 2

g (Vg, Vd) will remain unchanged, whereas the
falling edge will move to higher Vg . Thus, an increase of Vd

naturally shifts the peak position of d2Id/dV 2
g to higher Vg

values.
The impact of Vd on the peak position of d2Id/dV 2

g can
be better understood by considering the d3Id/dV 3

g (Vg, Vd)
function illustrated by Fig. 6(c). According to (14), the
d3Id/dV 3

g (Vg, Vd) dependence is determined by the differ-
ence of two bell-shaped dependences, d2NS/dV 2

g (Vg) and
d2ND/dV 2

g (Vg, Vd), having their maxima at the points Vg =
VTH and Vg = VTH + nVd, respectively [see Fig. 6(c)]. Thus,
the condition of the maximum of d2Id/dV 2

g , which is
d3Id/dV 3

g = 0, may be expressed as

d2NS

dV 2
g

(Vg) =
d2ND

dV 2
g

(Vg, Vd). (15)

This means that the peak position of d2Id/dV 2
g simply cor-

responds to the intersection point of the d2NS/dV 2
g (Vg) and

d2ND/dV 2
g (Vg, Vd) curves and thus always lies between their

maxima, i.e., between VTH and (VTH + nVd) [see point M in
Fig. 6(c)]. Increasing Vd does not change the position of the
maximum of d2NS/dV 2

g (Vg), which, for Vs = 0, lies at Vg =
VTH, whereas it shifts the maximum of d2ND/dV 2

g (Vg, Vd) to
higher Vg values by nVd. Thus, as Vd increases, the deviation
of the peak position of d2Id/dV 2

g from VTH increases. The
value of this deviation, ∆V (max I ′′d) = Vg(max I ′′d) − VTH, is
roughly equal to nVd/2 (more precisely, it slightly exceeds
nVd/2 due to some asymmetry of the bell-shaped d2Ninv/dV 2

g

curves). It is evident that, when Vd → 0, the peak position of
d2ND/dV 2

g approaches to that of d2NS/dV 2
g , and thus, the

peak position of d2Id/dV 2
g approaches to VTH.

The resulting expression for the shift of the peak position of
d2Id/dV 2

g relative to VTH, ∆Vg(max I ′′d) = Vgm(Vd) − VTH,
as a function of Vd is

∆Vg (max I ′′d) =
4
9
nVd − nVT ln


1 + e

2
9 ·

Vd
VT

2




+
nVT

2


 2e

4
9 ·

Vd
VT

1 + e
2
9 ·

Vd
VT

− 1


 . (16)

The detailed derivation of (16) is provided in Appendix A. As
follows from (16), the shift of the peak position of d2Id/dV 2

g

is determined only by the applied drain voltage Vd and body
factor n.

B. Impact of Drain Voltage on the Peak Position of
−d(gm/Id)/dVg

Using (12) and (4), we can express gm/Id as

gm

Id
=

NS − ND

nVT

[
NS − ND +

a·(N2
S
−N2

D)
2

] (17)

which can be rearranged to give

gm

Id
(Vg, Vd) =

1
nVT + a

2 [NS(Vg) + ND(Vg, Vd)]
. (18)

Since both NS and ND monotonically increase with Vg , the
gm/Id function monotonically decreases with Vg , taking its
maximum value equal to 1/nVT when NS and ND tend to
zero. It is readily seen that, at Vd → 0, when ND (Vg, Vd) →
NS (Vg), (18) transforms into

gm

Id
(Vg, Vd → 0) =

1
nVT + aNS

. (19)

Therewith, the derivative of gm/Id at Vd → 0 is expressed as

d

dVg

(
gm

Id

)∣∣∣∣
Vd→0

= −a · NS

(nVT + aNS)3
(20)

which, within a factor (−nVT /a), coincides with
d2NS/dV 2

g = d2Ninv/dV 2
g [see (6)]. This means that, at

Vd → 0, the position of the maximum of the [−d(gm/Id)/dVg]
function coincides with VTH. Substituting (7) into (19) gives
the value of gm/Id at threshold

gm

Id

∣∣∣∣
Vd→0,Vg=VTH

=
2
3
· 1
nVT

=
2
3

(
gm

Id

)
max

. (21)

Thus, for vanishingly small drain voltages at Vg = VTH, gm/Id

is equal to 2/3 of its maximum value. This finding could be
used as an alternative method of the VTH extraction, satisfying
the VTH criterion of the maximum of the second derivative of
the inversion charge, provided that the transistor is sufficiently
free of second-order effects.

Below, we show that, as Vd increases, the gate voltage of the
maximum of −d(gm/Id)/dVg tends to a limit. As follows from
(1), the ND(Vg, Vd) dependence can be obtained by the parallel
shift of NS(Vg) by nVd. Consequently, at sufficiently high Vd,
over the whole range of Vg from 0 to Vg = VTH + nVd, the
condition ND � NS will be satisfied. Thus, as Vd increases,
the gm/Id function described by (18) tends to the limit, which
is determined only by the variation of the carrier density at the
source edge and is independent of Vd[

gm

Id
(Vg)

]
lim

=
1

nVT + a
2NS(Vg)

. (22)

Equation (22) defines the maximum value of gm/Id for
each Vg with the increase of Vd from 0 to ∞. Thus, the
whole variation of the gm/Id(Vg) dependence with Vd lies
between the two limiting curves described by (19) and (22),
as illustrated by the dashed area in Fig. 7. Since the ratio
NDm/NSm, which governs the transition from (19) to (22),
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Fig. 7. Comparison of the behavior of the gm/Id versus Vg curves and their
derivatives at various drain voltages, obtained by Atlas 2-D simulations for
UTB SOI MOSFET, featuring tox = 1.75 nm, tSi = 10 nm, tBOX = 145 nm,
and L = 1 µm, with the results of modeling for Vd → 0, Vd = 10 mV, and
Vd →∝ obtained using (19), (18), and (22), respectively.

is approximately ∼ exp(−Vd/VT ), the position of the maxi-
mum of −d(gm/Id)/dVg is expected to be almost saturated at
Vd ≥ 3VT..

By setting d2(gm/Id)lim/dV 2
g = 0, we get the equation

whose solution gives the carrier density at the source edge at the
peak position of −d(gm/Id)/dVg in the limiting case, NSm_ lim

(see Appendix B)

NSm_ lim =
nVT

a

(√
17 − 1

4

)
(23a)

or

NSm_ lim = 0.78 · nVT

a
≈ 3

4
nVT

a
=

3
2
Ninv_thresh. (23b)

Substituting (23a) in (1) with Vch = 0, we find the limit-
ing value of the Vd-induced shift of the peak position of
[−d(gm/Id)/dVg]

∆Vg [max(gm/Id)′lim] = nVT

[
ln

(√
17 − 1

2

)
+

√
17 − 3

4

]

= 0.726 × nVT . (24)

From (24), the maximum Vd-induced shift of the peak position
of d(gm/Id)/dVg for an ideal device (n = 1) at room tempera-
ture is expected to be ∼19 mV.

Substituting (23) into (22) yields that, at the limiting position
of the maximum of d(gm/Id)/dVg , the ratio of gm/Id to its
maximum value is to be 0.72, which is only slightly higher than
that at Vd → 0 when it is ∼0.67, as illustrated in Fig. 7.

It is straightforward to show that, in the intermediate range
of Vd(0 < Vd < 3 ÷ 4 VT ), at the point corresponding to the
maximum of −d(gm/Id)/dVg , the carrier density at the source
edge can be expressed as

NSm =
nVT

4a

[√
1 +

16

1 + e
− 3

2
Vd
VT

− 1

]
(25)

and finally substituting (25) into (1) with Vch = 0, we obtain
the expression for the shift of the maximum of −d(gm/Id)/dVg

versus Vd

∆Vg

[
max

(
−gm

Id

)′]
= nVT


ln




√
1 + 16

1+e
− 2

3
Vd
VT

− 1

2




+

√
1 + 16

1+e
− 2

3
Vd
VT

− 3

4


 . (26)

Note that, at Vd→0, (26) gives ∆Vg[max(−gm/Id)′]=0, where-
as at Vd → ∞, it results in the limiting shift value given by (24).

It should be noted that, from the point of the mathematical
procedure, the d(gm/Id)/dVg method is similar to the second
derivative logarithmic (SDL) method, in which VTH is defined
as the gate voltage where d2(log Id)/dV 2

g exhibits a minimum
[12] since

d

dVg

(
gm

Id

)
=

d

dVg

[
1
Id

(
dId

dVg

)]

=
d2(ln Id)

dV 2
g

= ln 10 · d2(log Id)
dV 2

g

.

However, physical meanings attributed to both methods are
different. For the d(gm/Id)/dVg method, the underlying VTH

criterion is shown to be the maximum of d2Ninv/dV 2
g , while

for the SDL method, it is assumed to be the equality of drift
and diffusion currents [12]. As shown in [13], the condition of
the equality of drift and diffusion currents corresponds to the
point on the gm/Id(Vg) curve where gm/Id equals 1/2 of its
maximum value. However, as shown in this paper, the minimum
of d(gm/Id)/dVg , and thus the minimum of d2(log Id)/dV 2

g ),
corresponds to the point where the ratio of gm/Id to its max-
imum value is 2/3 at Vd → 0 and increases with Vd to 0.72.
This means that, in the general case, in an ideal long-channel
MOSFET, the points, where d2(log Id)/dV 2

g is minimum and
where drift and diffusion current components are equal, do not
coincide.

C. Comparison of Modeling Results With Simulation and
Experimental Data

In order to verify our modeling derivations, we compare them
below with numerical simulations and experimental data.

Atlas 2-D classical simulations have been performed for the
n-channel UTB SOI MOSFET with L = 1 µm, tox = 1.75 nm,
tSi = 10 nm, tBOX = 145 nm, p-type film and substrate doping
of 6.5 × 1014 cm−3, and gate metal work function of 4.7 eV. In
simulation, we assumed mobility to be constant and source and
substrate to be grounded. The step increment in Vg was 5 mV.

Fig. 7 presents with symbols the gm/Id curves and their
derivatives obtained by simulations for different Vd’s (10, 150,
and 200 mV), whereas solid lines represent modeling data for
Vd → 0, Vd = 10 mV, and Vd →∝, obtained from (19), (18),
and (22), respectively, with n = 1.02. The dashed area between
the curves for Vd → 0 and Vd →∝ indicates the whole range of
variation of gm/Id(Vg) with drain voltage predicted by analyti-
cal modeling. One can see a good agreement between modeling
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Fig. 8. Comparison of modeling results for the shifts of the peak positions of
dgm/dVg and [−d(gm/Id)/dVg ] versus Vd with experimental and simulation
data.

and simulations. The simulated gm/Id curve for Vd = 10 mV
is well reproduced by (18), where the NS(Vg) and ND(Vg)
dependences were calculated from (1) with Vch = 0 and 10 mV,
respectively, whereas the curves for Vd = 150 and 200 mV
around threshold are well fitted by the modeled limiting curve
for Vd →∝ [(22)]. In addition, modeling fits well the peak
position shift of the simulated d(gm/Id)/dVg with Vd.

Our model is also in a good agreement with experimental
data presented in Section II. It perfectly reproduces all the
trends in the behavior of the experimental gm/Id curves shown
in Fig. 3, namely, the variation around VTH at Vd < 100 mV
[see Fig. 3(a)] and saturation at higher Vd [see Fig. 3(b)]. The
ratio of the experimental gm/Id to its maximum value at the
peak position of d(gm/Id)/dVg at Vd = 10 mV is equal to
0.62. However, taking into account the Vd-induced shift, which,
for Vd = 10 mV, is expected to be 3.3 mV, we obtain that,
at Vg = VTH, this ratio is ∼0.65, which is in a reasonable
agreement with the predicted 2/3. Then, the maximum shift of
the peak position of the experimental −d(gm/Id)/dVg with Vd

in Fig. 3 is ∼20 mV, which corresponds closely to that predicted
by (24), i.e., 0.726 × nVT ≈ 19 mV (with n = 1.03 taken from
the measured subthreshold Id(Vg) characteristics).

It is interesting to note that the saturated peak position of
d(gm/Id)/dVg is very close to the saturation threshold voltage
VTH_sat determined by the linear extrapolation of the saturated√

Id_sat(Vg) characteristics. Thus, the d(gm/Id)/dVg method
appears to be applicable for the extraction of the saturated
threshold voltage VTH_sat.

In Fig. 8, we compare the predictions of analytical mod-
eling for the shifts of the peak positions of −d(gm/Id)/dVg

and dgm/dVg versus Vd ((26) and (16), respectively) with
experimental and simulation data. For ease of comparison,
experimental and simulation data in Fig. 8 are matched with
modeled results at Vd = 10 mV.

It should be noted that simulated and experimental devices
have different structural parameters but both feature near-ideal
subthreshold factor n, being 1.02 and 1.03, respectively. Thus,
from our model, it is expected that the peak position shifts of
−d(gm/Id)/dVg and dgm/dVg , depending only on the factor n,
for the simulated and experimental devices should be approxi-

mately the same, which is what we see in Fig. 8. This provides
additional evidence in favor of our model.

As is seen from Fig. 8, (16) nicely fits the experimental
and simulated Vd dependence of the peak position shift of
dgm/dVg , at least for Vd ≤ 100 mV (that is, in the usable
range of the transconductance change method), whereas (26)
reproduces well the behavior of the peak position shift of the
experimental and simulated d(gm/Id)/dVg in the whole range
of Vd. One can see that the shift of the peak position with
Vd for dgm/dVg exceeds nVd/2, whereas for d(gm/Id)/dVg ,
it is smaller and rapidly saturates at a level of ∼19 mV, i.e.,
0.73 VT , being in excellent agreement with (24). We emphasize
that the aforementioned good agreement of analytical modeling
with simulation and experimental results is obtained without
introducing any fitting parameter.

IV. CONCLUSION

The effect of the drain voltage on VTH extraction in a long-
channel MOSFET from the peak positions of −d(gm/Id)/dVg

and dgm/dVg has been thoroughly studied, using experimental
data, 2-D numerical simulations, and analytical modeling based
on the UCCM. It was shown that, although both methods rely
on the same VTH criterion (of the maximum of the second
derivative of the inversion charge), they feature radically dif-
ferent behaviors in respect of the drain voltage. The dgm/dVg

method yields a VTH value which monotonically increases with
drain voltage. In contrast, for the d(gm/Id)/dVg method, this
increase is smaller and rapidly saturates with drain voltage
(when Vd exceeds 3 ÷ 4 VT ), being in the limit 0.726 × nVT .
Analytical expressions for the aforementioned Vd dependences
for both methods have been derived. Modeling results re-
vealed a very good agreement with numerical simulation and
experimental data, without any fitting parameters. Thus, the
obtained expressions can be used for the correction of the VTH

values in the long-channel devices extracted by dgm/dVg and
d(gm/Id)/dVg methods.

It was also shown that, at the position of the extremum of
d(gm/Id)/dVg at vanishingly small drain voltage and ideal
MOSFET operation, the value of gm/Id is equal to 2/3 of its
maximum value. This finding can be used as an alternative
quick method for the VTH extraction. However, such VTH

extraction is possible only when the gm/Id(Vg) curve has a
clearly defined plateau in the range of the maximum, whereas it
is frequently distorted, for example, due to GIDL, short-channel
effects, or gate-voltage-dependent mobility. Thus, the d(gm/
Id)/dVg method seems to be more preferable since it only
uses the data measured around threshold and hence minimizes
assumptions of ideal behaviors in weak or strong inversion.

APPENDIX A
DERIVATION OF (16)

Analytical expressions for the gate voltage of the maximum
of d2Id/dV 2

g and its shift versus Vd are obtained by solving a
system of two equations. The first is obtained by setting in (14)
d3Id/dV 3

g = 0, which, taking into account (6), gives

NSm(nVT + aNDm)3 = NDm(nVT + aNSm)3 (A1)
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where NSm and NDm are the carrier densities at the source and
drain edges at the gate voltage Vgm corresponding to the maxi-
mum of d2Id/dV 2

g [point M in Fig. 6(c)], which are determined
from (1) with Vch equal to VS = 0 and Vd, respectively, and
Vg = Vgm

Vgm−VTH =nVT ln
(

NSm

N0

)
+a(NSm−N0) (A2)

Vgm−VTH−nVd =nVT ln
(

NDm

N0

)
+a(NDm−N0). (A3)

The second expression containing the Vd dependence is ob-
tained by subtracting (A3) from (A2)

nVd = nVT ln
(

NSm

NDm

)
+ a(NSm − NDm). (A4)

The exponentiation of (A4) yields

NSm

NDm
= e

nVd−a(NSm−NDm)
nVT . (A5)

By substituting (A5) into (A1), we get the equation whose
solution gives

NSm =
nVT

a
· e

2
3 ·

nVd−a(NSm−NDm)
nVT

e
1
3 ·

nVd−a(NSm−NDm)
nVT + 1

. (A6)

Equation (A6) can be simplified taking into account the follow-
ing. From the comparison of (A2) and (A3) follows that nVd

corresponds to the total Vg increase which causes the variation
of NS from NS = NDm to NS = NSm, whereas a(NSm −
NDm) in (A6) represents the part of the Vg increase related to
the voltage drop on the gate dielectric, which, at the points of
the maxima of d2NS/dV 2

g and d2ND/dV 2
g in accordance with

(8), is 1/3 from the total gate voltage increase. Thus, we can
write

a(NSm − NDm) =
1
3
nVd. (A7)

Substituting (A7) into (A6) yields

NSm(Vd) =
nVT

a
· e

4
9 ·

Vd
VT

1 + e
2
9 ·

Vd
VT

. (A8)

Note that, when Vd → 0, (A8) gives NSm = nVT /(2a) =
Ninv_thresh Substituting (A8) into (A2), we get

∆Vg (max I ′′d) =
4
9
nVd − nVT ln


1 + e

2
9 ·

Vd
VT

2




+
nVT

2


 2e

4
9 ·

Vd
VT

1 + e
2
9 ·

Vd
VT

− 1


 . (A9)

APPENDIX B
DERIVATION OF (23)

From (22), the derivative of the limiting gm/Id function
corresponding to Vd → ∞ is expressed as

d

dVg

[
gm

Id

]
lim

=
−a

2(
nVT + a

2NS

)2 · dNS

dVg
(B1)

which, taking into account (5), gives

d

dVg

[
gm

Id

]
lim

= −a

2
· NS(

nVT + a
2NS

)2 (nVT + aNS)
. (B2)

Let us denote the denominator in (B2) as D

D =
(
nVT +

a

2
NS

)2

(nVT + aNS)

= (nVT )3 + 2(nVT )2aNS +
5
4
(nVT ) · a2N2

S +
a3N3

S

4
.

(B3)

Then, the derivative of (B2) can be written as

d2

dV 2
g

[
gm

Id

]
lim

= −a

2

D − NS · dD
dNS

D2
· dNS

dVg
. (B4)

With (5) and (B3), (B4) becomes

d2

dV 2
g

[
gm

Id

]
lim

= −a

2
·
(nVT )3 − 5

4 (nVT ) · a2N2
S − 1

2a3N3
S(

nVT + a
2NS

)4 (nVT + aNS)3
.

(B5)

By equating (B5) to 0 and denoting the carrier den-
sity at the source edge at the point of the maximum of
[−d(gm/Id)/dVg]lim as NSm_lim, we obtain the following
equation of the third degree for NSm_lim:

(nVT )3 − 5
4
(nVT ) · a2N2

Sm_ lim − 1
2
a3N3

Sm_ lim = 0 (B6)

which can be easily transformed into a quadratic equation. The
rearrangement of the terms in (B6) yields

(nVT )
[
(nVT )2 − 1

4
a2N2

Sm_ lim

]

−a2N2
Sm_ lim

[
nVT +

1
2
aNSm_ lim

]
= 0

which can be transformed to give(
nVT +

1
2
aNSm_ lim

)

×
[
nVT

(
nVT − 1

2
aNSm_ lim

)
− a2N2

Sm_ lim

]
= 0. (B7)

Since the expression in the first bracket cannot be equal zero at
no conditions, from (B7), we get

a2N2
Sm_ lim +

1
2
(nVT ) · aNSm_ lim −

(
nVT

a

)2

= 0. (B8)

Finally, dividing (B8) by a2 gives

N2
Sm_ lim +

nVT

2a
· NSm_ lim −

(
nVT

a

)2

= 0 (B9)

which yields

NSm_ lim =
nVT

a

(√
17 − 1

4

)
. (B10)
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